We first analyze the spinning string in the magnetic field deformed AdS 5 ×S 5 spacetime which was constructed in our previous paper. It is seen that the associated effective Lagrangian of string sigma model describes the spin chain model with magnetic field, in which the corresponding spin vector has been properly deformed and is living on the deformed S 2 .
Introduction
In a recent paper [1] the continuum limit of the SU(2) Heisenberg spin chain was shown to reproduce the action describing string rotating with large angular momentum in S 3 . This result establishes the relation of the integrable spin chain systems to the string non-linear sigma model and thus provides a very powerful tool for analyzing the integrable structures that arise on both sides of the correspondence as well as for improving our understanding of the AdS/CFT correspondence [2] . The generalization to the compact SU(3) spin chain that dual to strings rotating in S 5 was worked out in [3] . Especially, [4] showed a match of the noncompact SL(2) spin chain sigma model to the string spinning on S , and [5] showed a match of the anisotropic XXZ spin chain sigma model to the string spinning on the β-deformation Lunin-Maldacena background [6] . An another interesting spin chain theory is that with an external magnetic field. In the first part of this paper we will follow the methods of [1] to analyze the spinning string in the magnetic field deformed AdS 5 × S 5 spacetime which is found in our previous paper [7] .
We will see that the associated effective Lagrangian of string sigma model describes the spin chain model with magnetic field, in which the corresponding spin vector has been properly deformed. We discuss in detail the behavior of spin deformation and show that the spin deformation is a general property in a class of deformed spacetime. As the string in the background with NS-NS B field has the very similar dynamics as that with EM field we will also investigate the corresponding problem. We first use the property that a Dp-brane tilted at an angle α is equivalent to a D(p + 1)-brane with a constant gauge field strength F = tan(α) [8] to find the AdS 5 × S 5 spacetime under a antisymmetric B field deformation. Then, follow the analyses of [1] we will see that the string rotating with large angular momentum in the deformed background reproduces the spin chain with the uniform magnetic field with a specific interaction. Note that there are papers treating string backgrounds with non-trivial magnetic field, for instance [9] in which, however, the spacetimes do not behave as a deformed AdS 5 × S 5 and it could not reproduce a corresponding spin chain model. The supergravity spacetime with B field also was constructed in [10, 11] , in which the relation to a noncommutative gauge theory is studied. In the recent papers [5, 12, 13] , the cases of non-trivial deformations of the AdS 5 × S 5 are considered where the Bethe equations are also obtained. Our investigation presents the spinning string in the simple deformed spacetime and find the corresponding spin chain model. In section II we investigate the spinning string in the magnetic field deformed AdS 5 × S 5 spacetime and find the corresponding spin chain model. In section III we construct the AdS 5 ×S 5 spacetime under a antisymmetric B field deformation and in section IV investigate the spinning string in the B-field deformed background and then find the corresponding spin chain model. The last section is devoted to discussion.
Spinning String and Spin Chain in Magnetic Field
Deformed AdS 5 × S
5
The relevant part of the metric in the coordinate we used is described as
For the magnetic field deformed AdS 5 × S 5 spacetime which is found in our previous paper [7] the functions in (2.1) are
(2.2) To find the string sigma model of the spinning string we will following the method of [1] . After making a change of coordinate φ 1 = ϕ 1 + ϕ 2 and φ 2 = ϕ 1 − ϕ 2 and using a replacing ϕ 1 → t+ ϕ 1 , then in considering a rapidly spinning string we can let t → κτ in which κ → ∞ and let ∂ t X µ → 0 while keep a finite value of κ∂ t X µ . The associated Lagrangian could then be approximated as a simple form
A useful Virasoro condition becomes
In (2.3) we have neglected the terms ofφ 1 andφ 2 as they are irrelevant to the static spin chain model which we are considering for a simplicity. Another Virasoro condition
ν will just determine ϕ 1 as a function of σ and τ and is irrelevant to our investigations as that in [1] .
Our next work is to find a spin chain Hamiltonian which is described by the string sigma model of the Lagrangian (2.5). Using the angular relations [1] 
To map the above equation to a spin chain model we can now write the spin vector n as
in which for the Hamiltonian term ∼ ∂ σ n · ∂ σ n to reproduce the derivative term of (2.6) the following relation shall be satisfied.
Thus we conclude that solving (2.8) and substituting the function F (θ) into (2.7) the Hamiltonian term ∼ ∂ σ n · ∂ σ n could reproduce the derivative term of (2.6). As the first term in (2.6) does not contain derivation it could be read as an energy from the external magnetic field or from a site interaction. Also, in general, the spin vector of (2.7) could not satisfies the relation n · n = 1, it therefore becomes a deformed spin in the general background (2.1). However, it does not be able to solve (2.8) in general. Even for the simple spacetime of (2.2) the function F (θ) could not be found. We therefore consider the spacetime with a small Melvin B 0 field. In this case the spin vector becomes
and energy from external magnetic field is
Thus the corresponding spin chain model is described by a Hamiltonian
in which the spin vector is described by (2.9). Note that the term which is proportional to n z is a dipole type interaction and that is proportional to n Note that the spin vector in the SU(2) theory [1] is living on S 2 of SU (2) while that in the SL(2) theory [4] is living on hyperboloid of SL(2). Our spin vector described in (2.9) is living on deformed S 2 of SU(2) as can be seen after plotting the spin vector (2.9) in three dimensional space. For a clear illustration we show in figure 1 the φ = 0 section of deformed S 2 .
-1 -0. , which is shown in the Melvin field deformed spacetimes [7] . The corresponding action is known to be
in which we consider the rapidly spinning string and as the string is closed, A φ 1 is a periodic function of σ which implies that the above action is zero. Thus the total spin chain Hamiltonian is just that described in (2.11).
As the string in the background with NS-NS B field has the very similar dynamics as that with EM field we will also investigate the corresponding problem in the case of the AdS 5 ×S 5 deformed by B field. We first in section III find the B-field deformed AdS 5 ×S 5 and in section IV investigate the string spinning on the background and show that it reproduces the spin chain under the magnetic field with a specific interaction.
B-field Deformed AdS
The spacetime of a stack of N D2-branes in the string frame is described by the metric [14]
in which
We neglect the RR field which will be irrelevant to our discussion below. To consider the tilted D2-branes system we can change the coordinates bỹ
3)
The line element (3.1) in the above new coordinate becomes
To find the background of a stack of D3-branes we can perform a T-duality transformation on the coordinates x 2 . The formulas that describe the transformations of the metric and dilation field are [15] 
and
is an antisymmetric field generated after the T-dual transformation. Using the above relations the line element is described by
(3.7)
In the near-horizon limit H 2 → . To proceed, let us consider the string propagating at the spacetime located at z = z 0 and constant values of γ i . The metric (3.10) then reduces to a simple form
in which w ≡ z 0 γ, after replacing x 1 → x 1 cos α and x 2 → x 1 cos α . We now compactify the coordinates and consider the string propagating in the new coordinates described by the relations
Replacing t → . The above line element is just the eq.(4.1) in [1] and our analyses about the rotating string will be very like that in [1] . Note that some other properties of a rotating string in AdS 5 × S 5 with B field had been investigated in [16] .
Note also that to obtain the metric form (3.15) we have rescaled several coordinates, thus the corresponding string we considered is propagating on the deformed S 2 space. However, in contrast to the previous section in which the deformation is coordinate (θ) dependent the deformation from B-field is a constant and only depend on the strength of B field.
Spinning String and Spin Chain in B-field Deformed
Our remained work is to show that the effect of the antisymmetric field B x 1 x 2 on a spinning string could produce the magnetic interacting term in a spin chain system. First, using the coordinate transformation (3.12) we see that the antisymmetric field (3.9) becomes
in which (and hereafter) we let [1] for the system without B field and
describes an additional term in our system with B field. Now, following the procedure in [1] , we make a change of coordinate φ 1 = ϕ 1 + ϕ 2 and φ 2 = ϕ 1 − ϕ 2 and use a replacing ϕ 1 → t + ϕ 1 . For a rapidly spinning string the Lagrangian (4.2) could then be approximated as a simple form
As the string is closed, ψ is a periodic function of σ which implies that the above action is zero. So, let us try to find a theory in which B field directs in another axis. Note that this corresponds to the string spinning along another axis. We next consider the coordinate described in (3.12)-(3.14) while with the replacement x 2 ↔ x. The antisymmetric field (3.9) now becomes
Through the same procedures we find that the action coming from the B field is
In considering the rapidly spin string we let t → κτ in which κ → ∞ [1] , thus the sin(2t+2φ 1 ) and cos(2t + 2φ 1 ) are the rapidly oscillating functions and first integration of above equation is zero. The second integration is also zero as the string is closed, ψ and φ 2 are the periodic functions of σ. Finally, to find the classical spinning string solution we have to consider the Virasoro condition which, however, does not be changed in the system with the B field. Therefore, the effective action L describing the classical spinning string with a large angular momentum is the eq.(4.15) in [1] in addition to the last integral in the above equation, i.e. φ the above Lagrangian becomes
To map the above Lagrangian of spinning string to the spin chain we know that the coherent state representation of the Hamiltonian of a spin chain is described by [1] 8) in which n k is a three dimensional unit vector described by
Therefore, the first simple form of a spin n interacting with the external magnetic field B one would like to guess may be B · n. However it does not reproduce the spinning-string Lagrangian of (4.7). It fells short of our initial expectation. Now, using the coordinate represent of n of (4.9) the interacting term in (4.7) becomes
Thus the effect of magnetic field on the spin chain with the above interaction form could correspond to the B-field interacting term in the spinning string.
Conclusion
The powerful method of the Bethe ansatz on the spin system encourages us to establish the correspondence between the classical string states and spin system. Finding the corresponding geometric background could therefore improve our knowledge of the AdS/CFT correspondence.
In the recent papers [5, 12, 13] , the cases of non-trivial deformations of the AdS 5 × S 5 are considered where the Bethe equations are also obtained. An another interesting spin chain theory is that with external magnetic field. In this paper we analyze the spinning string in the magnetic field deformed AdS 5 × S 5 spacetime which is found in our previous paper [7] . We find the associated effective Lagrangian of string sigma model describing the spin chain model with magnetic field in which the corresponding spin vector has been properly deformed. We discuss the behavior of spin deformation and show that the spin deformation is a general property in a class of deformed spacetime. We also use the fact that a Dp-brane tilted at an angle α is equivalent to a D(p + 1)-brane with a constant gauge field strength F = tan(α) [8] to find the AdS 5 × S 5 spacetime with the B field deformation. We begin with the spacetime of a stack of N tilted D2-branes and then use the T-duality transformation to find the N D3-branes under the antisymmetric B field. In the near-horizon limit it becomes the AdS 5 × S 5 under the B-field deformation. After a series of rescaling and changing coordinates we then investigate the classical string spinning on the background. We find that the associated Lagrangian is the old one [1] in addition to a simple term. We follow the analyses of [1] to investigate the system and see that the term corresponds to the additional energy of the spin chain under an extra magnetic field. Thus we have found that the string rotating with large angular momentum in the deformed background reproduces the spin chain with the uniform magnetic field with a specific interaction. In conclusion, we have investigated the classical string spinning in the simple magnetic and B-field deformed spacetime and have found the corresponding spin chain model.
